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Abstract 
The expression describing a cross-area linear variation for a tapered beam vibrating axially is considered. It is utilized to 
formulate the first axial vibration mode shape. The later, results from the normalization of the displacement function 
obtained by solving the exact solution of the second order differential equation with none constant coefficients. This 
function is governing the non uniform bar element equilibrium. After this first step, the well known Rayleigh quotient is 
used for calculating the fundamental natural frequency. The obtained results are comparable to those issued from 
numerical and theoretical methods. These findings suggest a simply useable handle tool expressed by a curve which 
allows a quick fundamental frequency evaluation for various taper degrees. 
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1. Introduction 
Beams constituted by stepped or non uniform parts of variable cross-sections are designated as tapered 
beams. Thus, a beam of variable geometry with constant mechanical characteristics which is fixed at its base 
is represented by a cantilever tapered beam clamped at one end and free at the other. 
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The objective of this investigation is to study the case of a triangular bar vibrating axially and to make the 
frequency calculus simplified by a validated approach. The cross-section variation is taken linear and this 
implies that of the mass is in the same form. This type beam corresponds to commonly used ones and their 
use is economical where it considers an optimal material use in conformity with the stress distribution.  
In some approaches, the method of analyzing a given tapered beam consists of assembling several standard 
elements to discretize it by stepping it in different parts. As explained, the introduction of this simplification 
does not conduct to exact stiffness matrix to be implemented in the existing programs based on the finite 
element method. As seen, the technique consists of replacing a complex element by discrete ones with 
variable sections characterized by regular distribution materials (different geometrical characteristics) along 
their lengths. A number of research works have been conducted on this subject in order to formulate the 
problem, in terms of stiffness and mass matrices of a non uniform beam element, by the MEF method. Many 
of them, involve a direct integration of the differential equation of second order that governs the axially 
vibration equilibrium of the element. 
These researches concerned the formulation of the exact stiffness matrix of a non uniform beam [1]. 
Approaches by apparently first closed-form solution for inhomogeneous beams  vibrating [2] and analysis of 
axially vibration by considering variable cross-section for isotropic rod [3] were largely investigated. The 
optimized Rayleigh method was widely used in vibrating and buckling problems [4]. Also, the differential 
quadrature method to the longitudinal vibration [5] and the Galerkin element method for non-uniform frames 
[6] are treated and solved. In this paper, an approach is presented to obtain the axial fundamental vibration 
natural frequency of a tapered beam element in the case of a linear variation for both the cross-section area 
and the distributed mass.  The  shapes corresponding for the fixed-free and free-fixed case restraints 
respectively result from the  normalization of the  displacement functions  whose represent the exact solutions 
of the differential equation of second order, with none constant coefficients, governing the equilibrium of the 
given element. Finally, they are used in the Rayleigh quotient for the fundamental vibration natural frequency 
evaluation in the two situations.  
2. Problem Formulation 
In the Oxy reference, a non-uniform bar is considered (Fig.1.), consisting of a material with the elastic 
modulus E, density ρ and cross-area A(x) at the x abscissa subject to a non-uniform N(x) axial load. The dx 
element equilibrium is governed by the equation:    
(E.A(x).v’(x))’=N(x) 
E.(A’(x).v’(x) + A(x).v’’(x))=N(x)   (1) 
In this second order differential equation with none constant coefficient, the first derivative of the cross 
area appears. A multitude of variations is possible for the cross-section depending on the geometry of the 
section (rectangular, circular,..). Exact solution or numerical approached ones have been yet investigated and 
methodologies are proposed for the axial free vibration concerning different boundary conditions and the 
results concerned multistep no uniform bars. This aspect wasn’t considered in the present study. 
 
 
 
 
 
 
 
Fig. 1. Representation of a bar with a variable cross-area. 
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2.1. Cross-area variation 
The linear cross-section variation corresponds to the situation of the figure 2. given below:  
 
Fig. 2. Linear cross-area variation. 
The expression describing the linear section variation is obtained while using figure 3. 
 
Fig. 3. Reference triangle, based on the bar form of L length. 
The expression of the cross-section area variation in function of the x abscissa is: 
A(x)=A0(x/a)  (2) 
By considering an exponent for the x/a ratio, other numerical investigations could be made.  
2.2. Mass variation 
The relation giving the variation of the section is used to express that of the mass by multiplying it by the 
density U  and acceleration g.  
m(x)=Ug A(x)   (3) 
3. First Mode Shape 
The homogeneous obtained solution of the ODE, is normalized by dividing it by \(a) (maximal 
displacement at the free end). The result of this operation leads to a first mode shape expression in function of 
the a, L and x parameters as written below: 
3 3 2 2 3 3
3 3 2 2 3
( (2 ( ) (3 3 3 ) ( ) ))( )
((3 ( ) (3 3 3 )) )
\            
a a a L a a L aL L x a L xx
a a L a a a L aL L x
 (4) 
Thus, it will be easy to study the various situations of the a/L ratio. Subsequently, the result of the sought ω 
value will be given in function of the a/L ratio in order to take into account  the various taper degrees that the 
v 
a 
L 
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non-uniform bar can take, separately of the classical terms constituted of  U, A and  L.  
4. Rayleigh Method 
Any vector satisfying the ends restraints conditions can be introduced into the Rayleigh formula for 
calculating the sought vibration frequency. The above exact solution represents in some way a fairly good 
approximation of the first mode shape. The Rayleigh quotient expressing the axial vibration is: 
Z1=(³E.A(x). (\’(x))2 dx/³m(x). (\(x))2 dx)1/2   (5) 
This formula is here used for the evaluation of the fundamental frequency. It results from the total energy 
conservation principle of an axially vibrating system. The application of this quotient gives the following 
formula for the first frequency Z1 in function of the a and L lengths and the (EA/mL2) parameters group 
separated for the comparison objective:  
Z1=[(12a3+15a2L+6aL2+L3)/((1/6L*(-24a7L-36a6L2-8a5L3+2a4L4+28a3L4+25a2L5+8aL6+L7)+4(a/L)6 
((a/L)+1)2Log(((a/L)+1)/ (a/L))]1/2 (EA/mL2)1/2  (6) 
5. Results and Comments 
5.1. Validation 
The first comparison is made on the theoretical values, corresponding to the two extreme situations; a/L|0 
(triangle) and a/L|∞ (Constant cross-area). For the first case: 
Z1=2.4442 (EA0/mL2) ½  (7) 
For which an alternative approach [4] still based on the Rayleigh quotient, gives 
Z1= 2.4142 EA0/mL2) 1/2   (8) 
For the second situation, the theoretical value is: 
Z1=π/2 (EA0/mL2) ½=1.5708(EA0/mL2) ½  (9) 
And that issued from this approach: 
Z1=(5/2) 1/2 (E /UL2)1/2=(5/2) 1/2 (EA/UA L2)1/2=(5/2) 1/2 (EA/mL2)1/2=1.58114 (EA/mL2)1/2 
It should be noted that these results are in good agreement with those given by the theory and [4]. 
5.2. Graphical proposed tool 
It should be noted that the necessary calculus for each case of a/L ratio variation is too complex for a 
handle evaluation. It becomes useful to extract the common parameters describing all the possible taper 
variations of the studied bar. For this, the Z1 expression is modified and rewritten in function of the a/L ratio:  
Z1=[(12(a/L)3+15(a/L)2+6(a/L)+1)/((1/6*(-24(a/L)7-36(a/L)6- 
8(a/L)5+2(a/L)4+28(a/L)3+25(a/L)2+8(a/L)+1)+4(a/L)6((a/L)+1)2Log(((a/L)+1)/ (a/L))]1/2 (EA/mL2)1/2
  (10) 
The following graphs correspond to the two studied cases; Fixed-Free and Free-Fixed. The used approach 
developed above was employed for the second case. 
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Fig 4. Variation of  the axial  fundamental vibration natural frequency in function of the  (a/L) ratio (a) fixed-free ; (b)free- fixed 
with: 
Z1 =Z0(a/L) (EA0/mL2) 1/2   (11) 
The replacement expression of the A0  section by A1 at the second wide end is shown in the simple 
following formula: 
A0 = A1(a+L)/L  (12) 
6. Conclusion 
The exact solution of the differential equation of second order with none constant coefficients governing 
the equilibrium of a tapered beam vibrating axially expressed in term of displacement is obtained. It is based 
on the Euler-Bernoulli assumptions. This displacement is normalized and considered as being the first shape 
mode in the axial fundamental vibration natural frequency evaluation by the Rayleigh quotient method. The 
findings of these mathematical applications provided sufficiently accurate results. The vibration free axial 
frequency corresponding to the case a/L|∞ compared to the theory and given by the Rayleigh quotient for a 
bar with a constant cross-area are in good agreement. The conical beam result corresponding to the left side of 
the curve is in the same order value than that using an optimized Rayleigh formula. Indeed graphs are given to 
find simply a sufficiently approached value for the fundamental axial natural frequency based on the Rayleigh 
quotient by applying few operations. This suggestion concerns the linear cross area variation case. 
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